SUMMARY. The paper presents the estimation of the exact exceedance p r ob abilit y (EEP) of stationary responses of some white noise-randomly excited nonlinear system s whose exact probability density function can be known. Consequently, the approximate exceedance probabilities (AEPs) are evaluated based on the analysis of equivalent linearized systems using the traditional Caughey method and the extension technique of LOMSEC. Comparisons of the AEPs versus the EEP are demonstrated. The obtained results indicate important characters of the exceedance probability (EP) as well as the influence of nonlinearity over EP. The evaluation of the applied possibility of the proposed linearization techniques for estimating AEPs are made.
Introduction
One of the most concerned problems in the design process of types of structures, is the estimation of the extreme demands on the structure during a specified period of time. This is the same meaning with th.e estimation of exceedance probability of the extreme responses during the period of time. In general, this is a very difficult problem and usually, only indicative answers can be obtained in practice. However, in the context of civil engineering, structures subjected to environmental loads such as wind and ocean waves, a remarkable developments over the last two decades in modelling both the structure, the loading process and the interaction between them has been made.
The framework usually adopted for the estimation of extreme responses of civil engineering structures for the purpose of design, is that of modelling the loading processes on the structure as stochastic processes. In cases where the dynamic behaviour of the structure can be modelled by linear equations of motion, the response statistics can be analysed in a rather satisfactory manner. However, this is usually an exception, especially for the estimation of extreme responses. Since stochastic response analysis of nonlinear structures is very difficult, methods of stochastic linearization have been ·developed.
When analysing nonlinear random systems ~sing the equivalent linearization techniques, the analysis of the second-order moments were very much investigated; whereas the researches on the exceedance probability of the extreme responses were rarely made. Naess [2] [3] [4] has presented results from initial efforts to develop a stochastic linearization procedure specifically designed for making predictions of large responses. This paper presents the estimation of the EEP of the stationary responses of some white noise-randomly excited nonlinear systems, whose exact probability density function can be found. Through the obtained EEP, some important characters of the EP, especially the influence of nonlinearity over EP are introduced. Consequently, the AEPs are evaluated based on the analysis of equivalent linearized systems using the traditional Caughey method [ 1] and the extension technique of LOMSEC [9] [10] [11] . Comparisons of the AEPs versus the EEP are given in order to evaluate the applied possibility of the proposed linearization techniques for estimating AEPs. The systems considered in this paper, and relative data for estimation of the exceedance probability are originated from the previous publications of the Author himself [10] [11] [12] . The numerical calculations are added by a special software of Mathematica 3.0 [13] .
Estimation of exceedance probability of displacement response
The extreme value distribution of a stationary process X(t) is assumed, for simplicity, to be given as [7] :
where M(T) = max{X(t); 0 :::; t :::; T} is the largest value of X(t) during a time interval of length T; v(x) denotes the mean up-crossing rate of X(t). At level Xp the exceedance probability p+ during time T is defined by:
From (2.1), (2.2) we get:
A typical range of exceedance probabilities for design purposes is from 1 % to 20%.
The time interval chosen here is T = 3h.
The mean up-crossing rate v(x) is defined by [8] :
~here p(x, ±) is joint probability density function (PDF) of responses X(t) and X(t), i: = dx/dt. However, it is difficult to obtain the exact PDF of randomly excited nonlinear systems in practice. Even if the response can be modeled as a Markov process, the possibility of an exact PDF solution is still limited. Therefore, some approximate methods were developed and investigated for estimating the mean up-crossing rate [5, 6, 8, 12] .
Exact exceedance probability (EEP)
The EEP of the stationary responses of the randomly nonlinear structures is defined by using formulas (2.3), (2.4); with the assumption that the exact joint probability density function Pe(x, ±) of the responses x(t), i:(t) can be known by solving Fokker-Planck equation [10] [11] [12] :
where ve(x) is the exact mean up-crossing rate {EMCR):
Approximate exceedance probability (AEP)
The AEPs are also defined by using formulas (2.3), {2.4) but for the equivalent linearized systems {obtained by Caughey or LOMSEC, respectively). In this case, the joint probability density functions are approximate and considered as the norm:
where a; = (x 2 ), a :i: = (± 2 ) are second moments of the equivalent linearized system. The approximate mean up-crossing rates (AMCRs) as follows:
Using the linearization method of Caughey or LOMSEC, (x 2 )a, (± 2 )a and ( x 2 ) LG, (x2)La can be calculated [10] [11] . Consequently the AMCRs of va(x), V£a(x) are evaluated by using formulas (2.7), (2.8) [12] . Then from (2.3), (2.4), (2.7), (2.8), the AEPs are defined as follows:
(2.9)
3. Illustrative examples Example 1. Consider the Duffing oscillator with Gaussian white noise excitation:
A series of calculation procedures to obtain the mean up-crossing rates (EMCR and AMCR) has been done in [12] . The results are:
The EMCR as follows:
The AMCRs according to the linearization criterion of Caughey · and LOMSEC are:
where Aa = 3c(x 2 )a r
J t 4 n(t)dt
LG and Kr = -
Substitutions (3.2) into (2.5) and (3.3), (3.4) into (2.9) yields formulas for calculating the EEP and AEPs respectively. Table 1 shows the terminal expressions corresponding w~th specific value of the paramete. rs. The formulas for calculating EMCR and AMCRs, then EEP and AEPs are quite the same as (3.2), (3.3), (3.4). Table 3 shows the terminal expressions corresponding with specific value of the parameters. Fig 5 -8 show the EEP and AEPs . Th,e graphic symbols are similar to the above-mentioned. Some numerical values giv~n in table 4. Similarly, the calculation procedures to obtain the mean up-crossing rates (EMCR and AMCR) to be done in [12] . The results are:
Ve(x) = ~ 00 The terminal expressions corresponding with the specific value of the parameters are given in table 5. Fig 9 -10 show the EEP and AEPs. Numerical values are given in table 6. ' -.
' .. Similarly, we have:
The calculation of the AMCRs of Caughey and LOMSEC, plus the exact exceedance probability P°t and the approximate exceedance probability p~, P!a are the same as the discussions in example 3.
The terminal expressions corresponding with specific value of the parameters are given in table 7. Fig 11 -12 show the EEP and AEPs. Numerical values are given in table 8. 
Conclusions
Through the analysis of the exact exceedance probability of the nonlinear systems considered, some important characters of the exceedance probability, esp~cially the influence of nonlinearity over the exceedance probability are investigated:
• It is obvious that the exceedance probability is generally a contra-variant function versus the extreme response (p+ goes down when X(t) increases).
However it is a type of system whose exceedance probability contains a maximum-peak at a value of the extreme response X(t); which is not as small as the case of Duffing with w6 = -1.
• At a specified level of p+, the extreme response X(t) reduces when the nonlinearity increases; in other words, the nonlinearity effect causes a reduction of the exceedance probability. The obtained result sJiows the applied possibility of the proposed linearization techniques for estimating the approximate exceedance probability:
• In a specified large domain of p+, it is usually to get p !a more improved than Pb· When p+ goes down at a specified smaller value, both Pb and Pia have rather high relative errors though the absolute errors are not so high, however one gets Pb better than Pia·
• The influence of the nonlinearity effect over the degree of accuracy of the . approximate exceedance probability Pb and Pia is rather complicated and in general it is only possible to obtain individual answers for each type of system. In short, according to design purposes (p+ required is large or small) as well as basing upon each specific system, we apply either the Caughey or the LOMSEC for estimating the approximate exceedance probability.
The results and comments in this paper are supplementary to the previous researches on the approximate exceedance probability through the linearization using the Caughey. Further more, this is the first research conducted on the analysis of the approximate exceedance probability using the LOMSEC linearization. The above tendency of research can be enlarged for other nonlinear systems to aim at discovering more natures of the exceedance probability. The expansion also <:an be used for multi-degree of freedom randomly nonlinear systems.
